Received: October 15, 2001, Accepted: December 13, 2001

HYPER VERSION Revised: November 20, 2001

Matrix description of D-branes on 3-spheres^∗

Jacek Pawełczyk

Institute of Theoretical Physics, Warsaw University Hoża 69, PL-00-681 Warsaw, Poland E-mail: Jacek.Pawelczyk@fuw.edu.pl

Harold Steinacker

Laboratoire de Physique Théorique et Hautes Energies, Université de Paris-Sud Bâtiment 211, F-91405 Orsay, France, and Sektion Physik der Ludwig-Maximilians-Universität München Theresienstr. 37, D-80333 München, Germany E-mail: Harold.Steinacker@physik.uni-muenchen.de

Abstract: We discuss a matrix model for D0-branes on S^3 ×M^7 based on quantum group symmetries. For finite radius of S^3, it gives results beyond the reach of the ordinary matrix model. For large radius of S^3 all known static properties of branes on S^3 are reproduced.

Keywords: D-branes, M(atrix) Theories.

∗Work supported by Polish State Committee for Scientific Research (KBN) under contract 5 P03B 150 20 (2001-2002).

Contents

1. Introduction 1

2. q-matrix model 4 2.1 U_q(so(4)) 5 2.2 The model and its comparison with known results 6

3. Problems and conclusions 8

A. Basic properties of U_q(su(2)) 9

B. Representations and invariant tensors 10

C. Some proofs 11

1. Introduction

Recently it has been discovered that in a special limit the dynamics of D-branes can be described by a finite matrix model [1]. Together with works on NCG in string theory [2] this has sparked new interest in strings propagating in antisymmetric tensor fields backgrounds. We are interested here in the dynamics of D0-branes in a background of the form S^3 × M^7. In the approximation of infinite radius of S^3, the dynamics is given by the Myers action [1]. This action can be applied in various situations and leads to numerous interesting effects (see e.g. [3]). Unfortunately, it can not describe the finite k effects known e.g. from the DBI action [4] or the WZW description of strings in NSNS background [5, 6, 7]. Here k is the level of the appropriate ^su(2)_k WZW model (see below), which is also the radius of S^3 in suitable units.

In this paper we would like to go beyond this approximation. We discuss the dynamics of D0-branes on S^3 × M^7 spaces with a NSNS antisymmetric tensor field background for finite radius k of S^3. Our aim is to construct a matrix model which will give results as good as the DBI action for Dp-branes, and which might be a building block of a full D0-brane theory. Our approach is inspired by [8], based on the premise that the algebra of boundary fields is most naturally understood as transforming under the quantum group U_q(su(2)) for q = e^{iπk+2} . It is then natural to expect that the full isometry group of S^3 should be q-deformed, too.

We will construct actions by imposing such a symmetry, which is a version of the quantum group (more precisely quantum universal enveloping algebra) U_q(so(4)). The name q-matrix model originates from this algebra. Although we do not propose any definite

– 1 – form of the action, the U_q(so(4)) symmetry is restrictive enough so that we can discuss several physical properties of the model. For example, we can given an expression for the energy of the wrapping which is given by the quantum dimension of a representation, and we can solve equations of motion and obtain quantum 2-spheres.

The outline of the paper is the following. In the rest of this introduction we shall recall some facts concerning the macroscopic description of branes in terms of the DBI action and the microscopic theory of many D0-branes of Myers [1]. In the latter we emphasize the approach of [6, 7] which uses an SU(2) WZW model to derive the D0-branes action. In section 2 we shall present the U_q(so(4)) algebra, as well as some modules and invariants. It will play the crucial role in constructing the matrix model. Then we shall define the model and discuss its predictions. Section 3 is devoted conclusions and the discussion of problems and limitations of the model. Appendices contain our conventions, some results on representations of U_q(su(2)) and two proofs.

DBI branes in NSNS background. The string theory background of interest here has the form S^3 × M^7 with some nonzero H^{NSNS} and constant dilaton. The most studied example is obtained as the near horizon limit of the F1, NS5 system (see e.g. [9]). Below we write only the relevant fields living on S^3 ds^2 α^′ = k dΩ^2_3 , H^{NSNS} α^′ = 2k ϵ_3 , e^{2ϕ} = const. (1.1)

where k denotes the number of NS5-branes and equals to the level of the appropriate ^su(2)_k WZW model, and ϵ_3 is the volume element of the unit 3-sphere.

The action of the D-branes is given by the DBI expression which properly describes the dynamics of branes for large (but finite) k. In [4] classical configurations of Dp-branes embedded in (1.1) were considered. The branes were embedded in such a way that two of the dimensions of the brane wrapped S^2 ⊂ S^3 and the rest extended in M^7 forming an effective D(p − 2)-brane. It appears that the position ϑ of the spherical brane on S^3 is quantized ϑ = πn k , 0 ≤ n ≤ k , (1.2)

where θ is the standard polar angle. The effective D(p − 2)-brane has a tension which takes into account the energy of the wrapping. The expression for this tension is

T^{eff}_{(p−2)} = T_p 4πα^′ k sin nπ k . (1.3)

We should add that the same results were also obtained for the RR background in [10].

Matrix model and ^su(2)_k WZW model. The above system can also be studied in the 1/k expansion as a matrix model of many D0-branes [1]. The leading terms of the appropriate action is obtained approximating the S^3 by a 3-plane and taking B =^1_3 kα^′ϵ_{ijk}X^idX^j ∧ dX^k. Then

S ∼ T_0tr [ 1 − (2π^2) k^2 ( 1 4 [X^i, X^j ]^2 + i 3 ϵ_{ijl}X^i[X^j , X^l] ) + · · · ] . (1.4)

– 2 –

The equations of motion for X are solved by

[X^i, X^j ] = −iϵ^{ijk}X^k , (1.5)

where now X’s are N × N matrices of positions of N D0-branes. For the fixed central element of the above algebra (the second Casimir) this defines the so-called fuzzy sphere [11]. It appears that the fuzzy spheres have the dynamics and quantum numbers as ordinary D2-branes described in the previous subsection [7, 4]. One can rederive (1.5) using CFT language [7]. We have decided to recall some facts from this approach as it directly leads to the q-deformed case.

The analysis of the ^su(2)_k WZW model with the simplest boundary conditions^1 defining branes shows that D-branes are classified by an integer ñ which satisfies 0 ≤ ñ ≤ k. The Hilbert space of the boundary CFT decomposes into irreducible representations of the affine Lie algebra ^su(2)_k. The ground ring of the associated boundary operators Y^I_a (x), (I ranges from 0 to min(ñ, k − ñ), and −I ≤ a ≤ I) form irreducible spin I representations of the horizontal su(2) algebra. Their OPE’s are given by [6]

Y^I_a (x)Y^J_b (y) = ∑ K,c (x − y)^{hK −hI −hJ} [ I J K a b c ] { I J K ñ/2 ñ/2 ñ/2 } q Y^K_c (y) + · · · , (1.6)

where q = e^{πik+2} , the sum goes from K = 0 to min(I + J, k − I − J, ñ, k − ñ), −K ≤ c ≤ K h_I = I(I +1)/(k+2) is the conformal weight of Y^I_a (x), the first bracket denotes the Clebsch- Gordon coefficients of su(2) and the curly brackets denote the q-deformed 6J-symbols of U_q(su(2)).

k → ∞ limit. It is clear that in k → ∞ limit, h_I → 0 and the q-deformed 6J-symbols tend to the ordinary 6J-symbols so that the OPE becomes the associative matrix algebra Mat(ñ + 1) = (1 ⊕ 3 ⊕ · · · ⊕ (2ñ + 1)). From the point of view of strings moving in the other 7 dimensions Mat(ñ + 1) is a kind of Chan-Patton algebra. It carries information about the internal geometry of the brane. In fact, Y^I_a can be thought of as spherical harmonics with an unusual multiplication law. It is known as the algebra of functions of the fuzzy sphere [11]. The first descendants (gauge fields) j^i_{−1}Y^I_a of the ground ring have conformal dimensions h^{(1)}_I = 1 in this limit. Thus they form vertex operators describing the dynamics of the wrapped D-branes. These were used in [7] in order to find the effective action (1.4) for the X^i matrices.

Finite k. Now Y^I_a do not form any algebra, as h_I are no longer zero.^2 If one naively drops factors (x − y)^{hI +hJ −hS} , then Y^I_a form a quasiassociative algebra, which is not a very convenient structure to work with.

It was noticed in [6, 8] that quantum groups come to rescue: one can recover the associativity of the algebra at the price of twisting it. Technically this means that one

1The boundary conditions break the current algebra suL(2) × suR(2) → suV (2). This should be related to the form of the twisting of Uq (so(4)) we have chosen in section 2.1 but the precise connection is not clear to us._2

Some of the operators can have large dimensions: for maximal I ∼ k/2 this can be about h ∼ k/4.

– 3 – changes the ordinary Clebsch-Gordon coefficients in (1.5) by their q-deformed versions. Then Y^I_a form representations of U_q(su(2)) (which will be referred to as U_q(su(2))^V below). For ñ ∈ (0, [k/4]), the tensor product of any two elements Y^I_a is completely reducible, and after this twisting one obtains the associative algebra Mat(ñ + 1) = (1 ⊕ 3 ⊕ · · · ⊕ (2ñ + 1)). For ñ > [k/4] this is no longer the case;^3 however our results below continue to make sense even for ñ > [k/4], and will be manifestly invariant under ñ → k −ñ. The position matrices (analogs of X^i) correspond again to the gauge field operators j^i_{−1}Y^I_a . They are also vectors in 3 of U_q(su(2))^V .

Below we shall significantly extend this approach and analyze its physical content.

2. q-matrix model

This section is devoted to the construction and the analysis of a matrix model based on a certain q-deformed symmetry algebra. Our basic variables are position matrices M^μ (μ = 1, . . . , 4) describing a “quantum 3-sphere” S^3_q and representing positions of a system of N = ñ+ 1 objects which we shall call q-D0-branes.^4 The physical interpretation of these fields is similar to X^i’s of (1.4). Under the ”internal” U_q(su(2))^V they shall transform in the quantum adjoint action

U_q(su(2))^V ∋ u ▷ M^μ = u_1M^μS(u_2) , (2.1)

where u_{1,2} are ñ + 1 dimensional matrices obtained by taking the representation of the coproduct Δ(u) = u_1 ⊗ u_2, and S is the antipode (see appendix A). The position matrices M^μ belong also to the 4-dimensional module of the space-time symmetry algebra which will be a twisted version of U_q(so(4)) denoted by U_q(so(4))_F : this will be an isometry of the “quantum 3-sphere” S^3_q . We shall also assume that classical single brane configuration will break U_q(so(4))_F to U_q(su(2))^V of the previous section (see footnote 1). Technically this means that U_q(su(2))^V should be Hopf subalgebra of U_q(so(4))_F . This will be crucial for the predictive power of the model. From now on, all group-theoretic objects (invariant tensors etc.) are understood to carry a label q, which is suppressed. For the notations we refer to appendix B and [8].

Before we go into the details we should make a comment. One must be aware that q = e^{πik+2} involves k, which is inverse proportional to the curvature of the S^3. This means that the process of changing symmetry algebras to their q-deformed versions takes into account the so-called sigma model corrections of the string theory, which are small for large k. On the other hand, our analysis is based only on the S^3 part of the model, and it seems that one can not hope to get the full answers for finite k. Hence the situation is unclear at the moment, and the results obtained below should be treated with some caution. In the end of this section we shall compare the q-matrix model results with some results obtained by other means for large k and show their astonishing agreement.

3For ñ > [k/4], quasiassociativity cannot be removed completely due to the truncation in the above algebra. We will not worry here about the precise construction of fields in general.

4We add the prefix ”q-” here because it might be that these objects are different than the usual D0- branes.

– 4 –

2.1 U_q(so(4)) Algebra. The aim of this section is to construct a suitable quantum “group” (Hopf algebra) which describes the symmetries of a quantum 3 sphere S^3_q , formally defined by (2.11), and which is compatible with a “vector” U_q(su(2))^V symmetry. We expect that this isometry algebra should be a version of the quantum group U_q(so(4)). As an algebra, the “standard” U_q(so(4)) is simply the tensor product of two commuting U_q(su(2)) algebras, U_q(so(4)) = U_q(su(2))^L ⊗ U_q(su(2))^R. It carries naturally the structure of a (quasitriangular) Hopf algebra. There is a natural embedding of the “vector” (sub)algebra U_q(su(2))^V → U^L_q ⊗ U^R_q :

d : u → (u_1 ⊗ u_2) = Δ(u) , (2.2) where Δ(u) is the coproduct of U_q(su(2)). The problem with this definition is that the embedding d is not compatible with the standard coproduct of U_q(su(2))^L ⊗ U_q(su(2))^R. This means that U_q(su(2))^V will not act correctly on products of fields (i.e. matrices, here).

The solution to this problem is provided by twisting. For the general theory of twisting we refer to [13], and to [14] (section 2.3). Consider the modified coproduct

Δ_F : U^L_q ⊗ U^R_q → (U^L_q ⊗ U^R_q ) ⊗ (U^L_q ⊗ U^R_q ),

u^L ⊗ u^R → F(u^L_1 ⊗ u^R_1 ) ⊗ (u^L_2 ⊗ u^R_2 )F^{−1} , (2.3)

where F = R_{32} ∈ U_q ⊗ U_q is the universal R-“matrix” of U_q(su(2)) with reversed components. The subscripts of R refer to the positions in the tensor product. This defines again a quantum group, i.e. a quasitriangular Hopf algebra. We will denote this (twisted) quantum group with U_q(so(4))_F . It is easy to check that it satisfies

Δ_F ∘ d = (d ⊗ d) ∘ Δ , (2.4)

i.e. U_q(so(4))_F is compatible with the embedding (2.2) of the quantum group U_q(su(2))^V . This is what we were looking for. In fact if q were real, this U_q(so(4))_F would coincide precisely with the q-Lorentz group U_q(so(3, 1)) [16], and much is known about its algebraic structure and representations. However since we are looking for matrix models in a rather different setting, we shall construct the modules of interest (matrices) and the corresponding invariants using an ad-hoc approach, trying to minimize the technical background.

Modules. Here we discuss the 4 module of U_q(so(4))_F to which the position matrices M^μ belong. There are two obvious ways to construct it: consider 2 × 2 matrices X = X^{α̇}_β and X̃ = X̃^α_{β̇}, where dotted indices refer to U^L_q and undotted indices to U^R_q . The naive guess would be that they transform as X → u^LXS(u^R) and X̃ → u^RX̃S(u^L). However, this is not compatible with the requirement that products of matrices transform using the coproduct of U_q(so(4))_F , i.e. that these matrices form a U_q(so(4))_F -module algebra. However, the following action of U_q(so(4))_F defines a consistent U_q(so(4))_F -module algebra: (X, X̃) → u ▷_F (X, X̃) = ( u^LXS(u^R), R_2u^RR^{−1}_b X̃S(R_1u^LR^{−1}_a ) ) (2.5)

extended to products via the new coproduct (2.3). One verifies that products transform as

XX̃ → u^L_1 XX̃S(u^L_2 ) , X̃X → u^R_1 X̃XS(u^R_2 ) , (2.6)

– 5 – see appendix C. The vector subalgebra U_q(su(2))^V then acts as

u^V ▷_F (X, X̃) = ( u^V_1 XS(u^V_2 ), u^V_1 X̃S(u^V_2 ) ) , (2.7)

as it should. Also, XX̃ → u^V_1 XX̃S(u^V_2 ) and X̃X → u^V_1 X̃XS(u^V_2 ). This shows that all the objects (algebras and modules) have the required properties.

Since there is only one representation 4 of U_q(so(4))_F , there should be a relation between these two actions on X and X̃. Indeed, one can identify X and X̃ via

X̃ = −R_2q^H S(X)S(R_1) . (2.8)

Here S is the induced antipode of U_q(su(2)) on the 2 × 2 matrix X. It is easy to verify that this indeed induces the action (2.5) on X̃. This restricts the degrees of freedom as required, and will allow us to define a suitable quantum 3-sphere. We use this to construct a basis for X̃ modules in terms of the basis of X modules. Let us call the latter σ_μ = (iq, σ_i). Then the former called σ̃_μ are given by σ̃_μ = (−iq^{−1/2}, q^{1/2}σ_i) (see appendix C).

Invariants. Using these results, one sees immediately that q-traces (tr_q(A) ≡ tr(Aq^{−H} ))

S^{(n)}_1 = tr_q((XX̃)^n) S^{(n)}_2 = tr_q((X̃X)^n) , n ∈ N (2.9)

are invariant under U_q(so(4))_F . Explicitly, in case of interest (2 × 2 matrices X, X̃) we have q^{−H} = diag(q, q^{−1}). For example, the invariant tensor for the representation 4 is obtained by q^{1/2}[2] g_{μν} = tr_q(σ_μσ̃_ν ). It has the block diagonal form g_{μν} =

(_{1 0} 0 g_{ij} ) where g_{ij} is the U_q(su(2)) invariant metric defined as above from σ_i matrices and given explicitly in appendix B.

2.2 The model and its comparison with known results

We would like to construct a “quantum” 3-sphere S^3_q which will play the role of the S^3 from the string geometry (1.1). Thus we consider matrix valued Mat(ñ + 1) fields M^μ in 4 of U_q(so(4))_F living on a S^3_q . Using those variables we shall construct candidates for actions describing the dynamics of (quantum) D0-branes.

The techniques of the previous subsection give a convenient way of creating U_q(so(4))_F - invariant tensors, with the help of (2.9). Let us introduce

M = σ_μM^μ , ~M = σ̃_μM^μ . (2.10)

Then the formal “quantum” 3-sphere S^3_q is defined by the relation tr_q(M ~M ) = q^{1/2}[2]R^2, i.e.

(M^4)^2 + g_{ij} M^j M^j = R^2 · 1 , R > 0 . (2.11)

It is natural to expect that the radius of this^5 sphere is R^2 ∼ k in analogy with the string background (1.1).

5We shall not discuss its precise algebraic/geometric meaning.

– 6 –

We assume that the action of the q-matrix model can be expressed as power series in M and ~M (see (2.9)). Due to the above constraint we have

M ~M = q^{1/2}[R^2 + F^l_Lσ_l] , ~MM = q^{1/2}[R^2 + F^l_Rσ_l] , (2.12)

where

F^l_L = i(qM^4M^l − q^{−1}M^lM^4) − ϵ^l_{ij} M^iM^j F^l_R = i(−q^{−1}M^4M^l + qM^lM^4) − ϵ^l_{ij}M^iM^j (2.13)

are vectors of U_q(su(2))^L and U_q(su(2))^R, respectively. We call them L (R) field-strength as, in the limit q = 1, they are equal and correspond to the ordinary field strength of [7]. But notice that we can not write any Chern-Simons term here. From (2.12) it follows that any polynomial in M and ~M can be also written in terms of F^l_{L,R}. The examples are g_{ij} F^i_LF^j_L, g_{ij} F^i_RF^j_R, ϵ^n_{ij} F_{Ln}F^i_LF^j_L, where ϵ is an invariant 3-index tensors of U_q(su(2))^{L,R} ⊂ U_q(so(4))_F (see appendix B).

Now we can easily construct the invariant actions. One must remember that F^l_{L,R} ∈ Mat(ñ + 1) i.e. they transforms under U_q(su(2))^V . Explicitly^6

U_q(su(2))^V ∋ u ▷ F^l_{L,R} = u_1F^l_{L,R}S(u_2) . (2.14)

The invariants are expressed as q-traces tr(Aq^{−H} ). Now the trace is over the “internal” degrees of freedom, i.e. over Mat(ñ+1). The matrix H is determined by the representation we want to work with. This is a somewhat unusual and unpleasant property (compared to the standard matrix model) of the model, but at the moment we do not know how to overcome it. The representations can be reducible (describing sets of clusters of q- D0-branes) or irreducible. In the latter case it has the following form H = diag(ñ, ñ − 2, . . . , −ñ). The simplest terms which could contribute to the action are of the from

tr_q(1) , tr_q(g_{ij} F^i_LF^j_L) , tr_q(g_{ij} F^i_RF^j_R), tr_q(ϵ^n_{ij}F_{Ln}F^i_LF^j_L), . . . . (2.15)

We shall not try to find out the precise form of the relevant action. This would require a detailed analysis of the string theory on S^3 × M^7 which, to our knowledge, is not available now. Thus we shall limit the discussion to the most basic properties of any action which can be formed in our case.

First of all we notice that F^l_L = F^l_R = 0 (2.16)

solves any possible equations of motion. Moreover (2.16) nullifies all of the terms (2.15) except tr_q(1). The energy of the classical configuration which corresponds to the irreducible representation is therefore given by so-called quantum dimension

tr_q(1) = [ñ + 1]_q = sin(^{(ñ+1)π}_{k+2} ) sin (^π_{k+2} )

. (2.17)

6This can be reconciled with the concept of a differential calculus using the concept of frames, see [8].

– 7 –

For 1 ≪ ñ ≪ k this gives (up to an overall constant) the same function of k as appearing in the tension of the effective D(p − 2)-brane (1.3). One should notice that the formula (2.17) is well behaved for all ñ ∈ (0, k). Also for ñ = 0 and ñ = k it gives 1 thus it should be interpreted as the ratio of tensions of effective (D-2)-branes formed by a bound state of N = ñ + 1 D0-branes and the tension of a single D0-brane. It is interesting to note that the same result can be obtained by CFT methods (see the first paper in [4]).

The equations of motion (2.16) can be rewritten in more explicit form^7

[M^4, M^l] = 0 , ϵ^l_{ij} M^iM^j = i(q − q^{−1})M^4M^l . (2.18)

Due to [M^4, M^l] = 0 we can diagonalize M^4 (hence also g_{ij} M^iM^j ). The algebra generated by solutions of (2.18) of the form {M^4 ∼ 1, M^i} is called the q-fuzzy sphere S^2_{q,ñ} [8]. This is a slight generalization of a Podles sphere [15], q being a phase. It is characterized by the radius r_ñ of the sphere defined by r^2_ñ = g_{ij}M^iM^j. One finds

r^2_ñ = R^2 ( 1 − [2]^2_{qñ+1} [2]^2_q ) = R^2 ( 1 − cos^2(^{(ñ+1)π}_{k+2} ) cos^2(^π_{k+2} ) ) . (2.19)

Notice that this formula is ñ → k−ñ invariant. The corresponding 4-component is naturally given by M^4 = R [2]_qñ+1 /[2]_q = R cos(^{(ñ+1)π}_{k+2} )/cos(^π_{k+2} ), which covers positive and negative values. For large k and 1 ≪ ñ ≪ k, (2.19) is well approximated by r^2_ñ ≈ R^2 sin^2(^{ñπ}_k ) which is the classical expression for the radius of S^2 ⊂ S^3 as follows from (1.2) for R^2 = k. Again we get astonishing agreement although the formula (2.19) has completely different origin, namely the representation theory of quantum algebras.

Let us also make the approximation of small spheres S^2_{q,ñ} and substitute M^4 = √ k + O(g_{ij} M^iM^j ) (we set R^2 = k here). Then x^l = iM^l/((q − q^{−1}) √ k) respects q-fuzzy sphere equation as written in [8], ϵ^l_{ij} x^ix^j = x^l . (2.20)

In the large k approximation the above becomes the ordinary fuzzy sphere (1.5).

We have also checked the spectra of the fluctuations and they slightly differ from what is known for the WZW model [4] and the DBI action [10]. However the comparison we have just made might be too naive, because in order to find masses we need also the time component of the dynamics which is beyond the scope of this work.

3. Problems and conclusions

We conclude this paper with some comments concerning the obtained results. It seems astonishing that such a simple model based on almost no physical input precisely reproduces static properties of the D0-brane system. The origin of this success lies in the applied symmetries. One can see that formula (2.17) follows from the assumption that Mat(ñ + 1) is in a representation of U_q(su(2))^V , but it is also intimately related to the fact that U_q(so(4))_F constrains the simplest equations of motion F^i_{L,R} = 0 in such a way that the

7algebraically, these are the same as the relations of a “light-cone” in quantum Minkowski space [16].

– 8 – other contributions to the brane energy vanishes. Next, the nice equations of motion (2.18) directly follow from the twist F in U_q(so(4))_F : the latter has been imposed on physical grounds, i.e. by requiring the unbroken U_q(su(2))^V symmetry. The equations of motion yield an attractive formula for the radius of S^2_{q,ñ}. Last but not the least, we must stress that all obtained formulae work for all boundary conditions ñ ∈ [0, k] suggesting that S^2_{q,ñ} are well defined even for these ñ which exceeds the limit of “nice”(irreducible highest weight) representations of U_q(su(2)).

One should expect that the model has some limits of applicability. It works for large k, but the symmetry alone is not able to pick any specific action. It seems inevitable that in order to achieve more accurate results one must understand also the dynamics of M^7 degrees of freedom. Besides one must realize that the model does not have the original isometry of S^3. We do not believe that the isometry is broken by the quantum effects (due to q = e^{iπ/(k+2)}) discussed in the previous section. Hence in the final version of the model, there should be the possibility to twist back the symmetry algebra from U_q(so(4))_F to U(so(4)). Furthermore, the model requires to fix the representation of U_q(su(2))^V ⊂ U_q(so(4))_F in order to define q-traces. This sounds bizarre and awaits further clarification. Next, the model has problems with reality conditions for the M matrices. More precisely, we were not able to find any reality conditions which would be compatible with the algebra actions. Finally the gauge symmetry U(ñ + 1) of the standard matrix models is obscured here.

In spite of all those unsettled issues the model reproduces all the static properties of the D0-brane system, with astonishing accuracy. These results are beyond reach of the standard matrix model. The key to the success lies in the quantum symmetry. Its relevance to string theory clearly deserves further studies.

Acknowledgments

The authors thank J. Lukierski and the organizers of the XXXVII Winter School of Theoretical Physics in Karpacz for hospitality and stimulating atmosphere during the school. We would like to thank Chong-Sun Chu, J. Kowalski-Glikman, H. Grosse, B. Jurco, J. Madore, and W. Zakrzewski for inspiring discussions. We are also grateful for hospitality in the Laboratoire de Physique Théorique in Orsay and Sektion Physik der Ludwig-Maximilians- Universität in München. H.S. thanks the DFG for a fellowship.

A. Basic properties of U_q(su(2))

The basic relations of the Hopf algebra U_q(su(2)) are

[H, X^±] = ±2X^± , [X^+, X^−] = q^H − q^{−H} q − q^{−1} = [H]_q , (A.1)

where the q-numbers are defined as [n]_q =^{qn−q−n}_{q−q−1} . The action of U_q(su(2)) on a tensor product of representations is encoded in the coproduct

Δ(H) = H ⊗ 1 + 1 ⊗ H Δ(X^±) = X^± ⊗ q^{−H/2} + q^{H/2} ⊗ X^± . (A.2)

– 9 –

We will use the Sweedler-notation Δ(u) = u_1 ⊗ u_2, where a summation convention is understood. The antipode and the counit are given by

S(H) = −H , S(X^+) = −q^{−1}X^+ , S(X^−) = −qX^− , ϵ(H) = ϵ(X^±) = 0 . (A.3)

Moreover, the following element v = (SR_2)R_1q^H (A.4) is in the center of U_q(su(2)), and has the eigenvalues q^{2j(j+1)} on the spin j representation.

B. Representations and invariant tensors

The q-deformed sigma-matrices, i.e. the Clebsch-Gordon coefficients for (3) ⊂ (2) ⊗ (2), are given by σ^{++}_1 = √ [2]_q = σ^{−−}_{−1} , σ^{+−}_0 = q^{12} , σ^{−+}_0 = q^{− 12} (B.1) in a weight basis. Then (σ_i)^α_β are

σ_{−1} = ( 0 q^12 √ [2]_q 0 0 ) , σ_0 = ( −q^{−1} 0 0 q ) , σ_1 = ( 0 0 −q^{− 1}2 √ [2]_q 0 ) . (B.2)

They satisfy

σ_iσ_j = −ϵ^k_{ij} σ_k + g_{ij} (B.3) π(u_1)σ_iπ(Su_2) = σ_j π^j_i (u) , (B.4)

for u ∈ U_q(su(2)), where ϵ^k_{ij} is defined below, and π denotes the appropriate representation.

The invariant tensor g^{ij} for the spin 1 representation satisfies by definition

π^i_k(u_1) π^j_l (u_2) g^{kl} = ϵ(u)g^{ij} (B.5)

for u ∈ U_q(su(2)). It is given by

g^{1−1} = −q^{−1} , g^{00} = 1 , g^{−11} = −q , (B.6)

all other components are zero. Then g_{ij} = g^{ij} satisfies g^{ij} g_{jk} = δ^i_k, and g^{ij} g_{ij} = q^2 + 1 + q^{−2} = [3]_q.

The Clebsch-Gordon coefficients for (3) ⊂ (3) ⊗ (3), i.e. the q-deformed structure constants, are given by ϵ^{10}_1 = q^{−1} , ϵ^{01}_1 = −q , ϵ^{00}_0 = −(q − q^{−1}) , ϵ^{1−1}_0 = 1 = −ϵ^{−11}_0 , ϵ^{0−1}_{−1} = q^{−1} , ϵ^{−10}_{−1} = −q , (B.7)

and ϵ^k_{ij} := ϵ^{ij}_k . They have been normalized such that ∑ ij ϵ^n_{ij} ϵ^{ij}_m = [2]_q2 δ^n_m. The q-deformed totally (q-)antisymmetric tensor is defined as follows: ϵ^{ijk} = g^{in}ϵ^{jk}_n = ϵ^{ij}_n g^{nk} . (B.8) It is invariant under the action of U_q(su(2)),

π^i_l (u_1) π^j_m(u_2) π^k_n(u_3) ϵ^{lmn} = ϵ(u)ϵ^{ijk} . (B.9)

– 10 –

C. Some proofs The form of σ̃_μ Here we derive the form of σ̃_μ. Instead of a brute force calculation, we can argue as follows: let σ̃_i := −R_2q^H S(σ_i)S(R_1) , (C.1) and observe that

u_1σ̃_iSu_2 = −R_2u_2q^H S(σ_i)S(u_1)S(R_1) = −R_2q^H S(u_1σ_iSu_2)S(R_1) = σ̃_jπ^j_i (u) . (C.2)

This implies that σ̃_i = cσ_i for a constant c ∈ C . The latter can be found e.g. by first showing

σ̃_i = S(R_1σ_iq^{−H} S^{−1}(R_2)) = S(R_1 ▷ σ_i R_aq^{−H} S^{−1}(R_2R_b)) = S(R_1 ▷ σ_i (R_aSR_bq^{−H} )S^{−1}R_2) = S(R^{−1}_1 ▷ σ_i R^{−1}_2 )(SR_bR_aq^H ) = S(σ_j L^{−j}_i )v , (C.3)

where v is the Drinfeld-Casimir (A.4), and L^{−j}_i = π^j_i (R^{−1}_1 )R^{−1}_2 . On the spin 1/2 representation, v takes the value v = q^{−3/2}. Using R̂^{ij}_{kl}g^{kl} = q^{−4}g^{ij} and ΔL^{−j}_i = L^{−j}_k ⊗ L^{−k}_i , one can now verify g^{ij}σ̃_iσ̃_j = q^4v^2g^{ij} σ_iσ_j, which implies c = q^2v = q^{1/2}.

Proof of (2.6)

(u^L ⊗ u^R) ▷ XX̃ = ·((u^L_1 ⊗ R_yu^R_a R^{−1}_j ) ⊗ (R_xu^L_2 R^{−1}_i ⊗ u^R_b )) ▷_F (X ⊗ X̃) = u^L_1 XS(R_yu^R_a R^{−1}_j )R_β u^R_b R^{−1}_δ X̃S(R_αR_xu^L_2 R^{−1}_i R^{−1}_γ ) = u^L_1 XS(R^{−1}_j )S(u^R_a )S(R_y)R_β u^R_b R^{−1}_δ X̃S(R^{−1}_γ )S(R^{−1}_i )S(u^L_2 )S(R_x)S(R_α) = u^L_1 XS(R^{−1}_j )S(u^R_a )R_yR^{−1}_β u^R_b R^{−1}_δ X̃S(R^{−1}_γ )S(R^{−1}_i )S(u^L_2 )R_xR^{−1}_α = u^L_1 XS(R^{−1}_j )S(u^R_a )u^R_b R^{−1}_δ X̃S(R^{−1}_γ )S(R^{−1}_i )S(u^L_2 ) = ϵ(u^R) u^L_1 XS(R^{−1}_j )R^{−1}_δ X̃S(R^{−1}_γ )S(R^{−1}_i )S(u^L_2 ) = ϵ(u^R) u^L_1 XR_j R^{−1}_δ X̃S(R_iR^{−1}_γ )S(u^L_2 ) = ϵ(u^R) u^L_1 XX̃S(u^L_2 ) (C.4)

as desired.

References

[1] R.C. Myers, Dielectric-branes, J. High Energy Phys. 12 (1999) 022 [hep-th/9910053];

I.W. Taylor and M. Van Raamsdonk, Multiple Dp-branes in weak background fields, Nucl. Phys. B 573 (2000) 703 [hep-th/9910052];

D. Kabat and I. Taylor, Washington, Spherical membranes in matrix theory, Adv. Theor. Math. Phys. 2 (1998) 181 [hep-th/9711078]; S.-J. Rey, Gravitating M(atrix) q-balls, hep-th/9711081.

– 11 –

[2] M.R. Douglas and C.M. Hull, D-branes and the noncommutative torus, J. High Energy Phys.

02 (1998) 008 [hep-th/9711165];

A. Connes, M.R. Douglas and A. Schwarz, Noncommutative geometry and matrix theory: compactification on tori, J. High Energy Phys. 02 (1998) 003 [hep-th/9711162]; V. Schomerus, D-branes and deformation quantization, J. High Energy Phys. 06 (1999) 030 [hep-th/9903205];

N. Seiberg and E. Witten, String theory and noncommutative geometry, J. High Energy Phys. 09 (1999) 032 [hep-th/9908142].

[3] N.R. Constable, R.C. Myers and O. Tafjord, Non-abelian brane intersections, J. High Energy Phys. 06 (2001) 023 [hep-th/0102080];

M.S. Costa, C.A.R. Herdeiro and L. Cornalba, Flux-branes and the dielectric effect in string theory, Nucl. Phys. B 619 (2001) 155 [hep-th/0105023];

S. Mukhi and N.V. Suryanarayana, Gauge-invariant couplings of noncommutative branes to Ramond-Ramond backgrounds, J. High Energy Phys. 05 (2001) 023 [hep-th/0104045]; D. Bak and K. Lee, Noncommutative supersymmetric tubes, Phys. Lett. B 509 (2001) 168 [hep-th/0103148].

[4] C. Bachas, M.R. Douglas and C. Schweigert, Flux stabilization of D-branes, J. High Energy Phys. 05 (2000) 048 [hep-th/0003037];

J. Pawełczyk, SU(2) WZW D-branes and their noncommutative geometry from DBI action, J. High Energy Phys. 08 (2000) 006 [hep-th/0003057].

[5] A.Y. Alekseev and V. Schomerus, D-branes in the WZW model, Phys. Rev. D 60 (1999) 061901 [hep-th/9812193].

[6] A.Y. Alekseev, A. Recknagel and V. Schomerus, Non-commutative world-volume geometries:

branes on SU(2) and fuzzy spheres, J. High Energy Phys. 09 (1999) 023 [hep-th/9908040].

[7] A.Y. Alekseev, A. Recknagel and V. Schomerus, Brane dynamics in background fluxes and non-commutative geometry, J. High Energy Phys. 05 (2000) 010 [hep-th/0003187].

[8] H. Grosse, J. Madore and H. Steinacker, Field theory on the q-deformed fuzzy sphere, 1, J.

Geom. Phys. 38 (2001) 308 [hep-th/0005273];

H. Steinacker, Aspects of the q-deformed fuzzy sphere, Mod. Phys. Lett. A 16 (2001) 361 [hep-th/0102074].

[9] J. Maldacena and A. Strominger, AdS(3) black holes and a stringy exclusion principle, J.

High Energy Phys. 12 (1998) 005 [hep-th/9804085].

[10] J. Pawełczyk and S.-J. Rey, Ramond-Ramond flux stabilization of D-branes, Phys. Lett. B 493 (2000) 395 [hep-th/0007154].

[11] J. Madore, The fuzzy sphere, Class. and Quant. Grav. 9 (1992) 69.

[12] K. Gawȩdzki, Conformal field theory: a case study, hep-th/9904145.

[13] V. Chari and A. Pressley, A guide to quantum groups, Cambridge University Press, 1994.

[14] S. Majid, Foundations of quantum group theory, Cambridge University Press, 1995.

[15] P. Podleś, Quantum spheres, Lett. Math. Phys. 14 (1987) 193.

[16] O. Ogievetsky, W.B. Schmidke, J. Wess and B. Zumino, q-deformed Poincaré algebra, Comm.

Math. Phys. 150 (1992) 495;

– 12 –

U. Carow-Watamura, M. Schlieker, M. Scholl, S. Watamura, Tensor representation of the quantum group SL_q(2) and quantum Minkowski space, Z. Physik C 48 (1990) 159; P. Podles and S.L. Woronowicz, Quantum deformation of Lorentz group, Comm. Math. Phys. 130 (1990) 381;

B.L. Cerchiai and J. Wess, q-deformed Minkowski space based on a q-Lorentz algebra, Eur. Phys. J. C 5 (1998) 553 [math.QA/9801104].

– 13 –